Optimal Regularity for on CR manifolds 

by Moulay Youssef Barkatou 



Abstract. In this paper a new explicit integral formula is derived for solutions of the tangential 
Cauchy-Riemann equations on CR q- concave manifolds and optimal estimates in the Lipschitz norms 
are obtained. 



0. Introduction 



The aim of this paper is to prove the following theorem: 



Theorem 0.1 Let M be a q-concave CR generic submanifold (cf.sect 1.2) of codi- 
mension k and of class C 2+e (resp. C 3+e ) in C™ (£ > 0) and zq a point in M. 
Then there exist an open neighborhood Mq C M of Zq and kernels 7^ r (£, z), for 
r = 0, . . . ,q — 1, n — k — q, . . . ,n — k, with the following properties, 

(i) For every domain Q CC Mq with piecewise C 1 boundary and every C 1 (0,r)- 
form f on Q (0<r<q — 1 or n — k — q+l<r<n — k ), we have 

f = A f / A Rr-l — I ~B\>f A lZ r + [ f A TZ r 
Jn Jn Jbn 

on f2. 

(ii) For every open set f2 CC Mq the integral operator J n ■ A lZ r is a bounded 
linear operator from Cq r+1 (n)nL°° (ft) to C r 2 (ft) for r > n — k — q (resp. r<q—l). 



Theorem 0.1 has the following corollary 



COROLLARY 0.2 Let M be a 1-concave CR generic C 3+ -submanifold of a complex 
manifold. Let T be a distribution of order £ on M . If d\,T is defined by a C (0, l)-form 
on M then T is defined by a C i+ ?- function on M. 



For a proof of corollary 0.2, we refer to the proof of theorem 4.1.6 in Q. The interest 
of this Corollary lies in the fact that under the hypothesis of 1-concavity the tangential 
Cauchy-Riemann equation for (0,l)-currents cannot be solved locally (see ||). 

Theorem 0.1 and Corollary 0.2 essentially improve the results of Airapetjan and 
Henkin (ij), Q, § and also of the author in Q where homotopy formulas were 



obtained with less explicit kernels giving almost optimal but not optimal estimates. 

The study of the tangential Cauchy-Riemann equations with the use of explicit 
integral formulas was initiated by Henkin fl2|] . For further references and results on 
CR manifolds we refer the reader to the survey of Henkin Jr|, the memoir of Treves 
23 and the book of Boggess 0] . 
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It is known that a fundamental solution for the <9b operator on certain hypersurfaces 
(see Hcnkin [JhJ, Harvey-Polking p| , Boggess-Shaw Fischer-Leiterer |L0]]) can be 
constructed as the jump of two kernels, obtained by applying to the usual Bochncr- 
Martinelli-Koppelman kernel (BMK kernel) in C™, a solution operator for d, once on 
the left and once on the right hand side of the hypersurface. 

Solutions for such equations can be given by applying the generalized Koppelman 
(cf.section 1.3) to the BMK section and the barrier functions (cf.section 1.4) of the 
hypersurface as was done in [[l4| , JllJ , @] and (?|] or by using a homotopy operator for 
d of Grauert-Lieb-Henkin type as was achieved in jl(| . 

Inspired by the definition of a hypcrfunction of several variables, the present author 
generalized in (5) the construction of Fischer-Leiterer [|l0| to higher codimensional 
CR submanifolds by solving with estimates up to the boundary some d equations on 
certain wedges attached to such manifolds with the use of d homotopy operators from 



1 17] and |8|. 

In this paper we shall show that such equations can also be solved up to some error 
terms by using the Koppelman lemma (see (2.2)) and the key idea in this work is to 
"deform" via this lemma those terms into ones with vanishing coefficients for some 
bidegrees (see lemmas 2.2 and 2.3), the strict g-convexity plays here an important role. 

We shall give two fundamental solutions to the tangential Cauchy-Riemann complex. 
The first one (cf.sect 2.1) does not yield sharp estimates for the solutions of dh (when 
k > 1) but is a "necessary" step to construct the second one (cf. sect 2.2) corresponding 
to kernels lZ r . To derive the latter fundamental solution from the former, we shall use 
an idea of Henkin pj . 

In & B.Fischer proved Theorem 0.1 and Corollary 0.2 for hypersurfaces by using 
a version of the first fundamental solution which was suggested to him by I.Lieb and 
J.Michel. 

Recently, Polyakov |2ll proved sharp estimates for global solutions of db on q-concave 
CR manifolds, in Lipschitz spaces of Stein p2[ . 

Polyakov's theorem. Let M be a q-concave CR generic C A -submanifold in <C n with 
q > 2 and let M' be a relatively compact open subset of M . Then for any r = 1, . . . , q— 1 
there exist linear operators 

Rr : L' [0ir) (M) -> rg r _ 13 (M) and H r : L^ r) (M) - L^ r) (M) 

such that for any s £ [1, 00] R r is bounded and H r is compact and such that for any 
differential form f £ C^ r j(M) the following equality: 

f(z) = d h Rr(f)(z) + R r+1 (d h f)(z) + H r (f)(z) 

holds for z G M' . 



Our method is quite different from that of Polyakov, and it is not clear how one can 
get an analogous result to Corollary 0.2 from Polyakov's theorem. 

This paper is organized as follows. In section 1.2 we give the definition of a g-concave 
CR manifold and we define the <9b operator. In section 1.3 we recall the generalized 
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Koppelman lemma which plays a key role in the construction of our kernels. In section 
1.4 we recall the construction of a barrier function and a Leray map for a hypersurface 
at a point where the Levi form has some positive eigenvalues. In section 1.5 we state 
some elementary facts from Algebraic Topology, which we shall use later. Section 2.1 
is devoted to the construction of our first fundamental solution. In section 2.2 we 
construct our second fundamental solution and in section 3 we prove estimates for our 
kernels. 



1. Preliminaries and notations 

1.1. Let X be a complex manifold, and M a real submanifold of X . 

Let / be a differential form of degree m defined on a domain D C M. Then we 
denote by ||/(z)||, z 6 D, the Riemannian norm of / at z (cf.|l6|], section 0.4), and we 
set 

||/||o,d = su P ||/(z)|| 

and 

imi -ii /I, I , im !!/(*) -/(Oil 

\\j\\a,D - \\J\\0,D + SUp - 

for < a < 1 . 

If < a < 1 , then a form on D is called a-H61der continuous on D if 



\a,K 



< CO. 



for all compact sets K C D. 

If I is a non-negative integer and < a < 1 , then we say f is a C e+a form on D 
if / is of class C e and all derivatives of order < £ of / are a- Holder continuous on D. 
L°°(D) denotes the space of all bounded forms on D. 

Throughout this paper C will denote a positive constant which is independent of 
the variables and the functions. The constant C used in different places may have 
different values there. 

1.2. Let M be a real submanifold of class C 2 in C" defined by 

M = {z e n- lPl (z) = ■ ■■ = Pk {z) = 0} l<fc<n (1.1) 

where is an open subset of C™ and the functions p u , 1 < v < k, are real- valued 
functions of class C 2 on O with the property dpi(z) A • • • A dpk(z) ^ for each z £ M. 
We denote by Tf (M) the complex tangent space to M at the point z £ M i.e., 

Tf (M) = {C g C"/E TT 1 ^ = 0, 1/ = 1, . . . , *}. 

J=l 
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We have dime; Tf (M) > n — k. The submanifold M is called a Cauchy-Riemann 
manifold (CR- manifold) if the number dime Tf (M) does not depend on the point 
z G M. M is said to be CR generic if for every z G M, dime Tf (A/) = n — k , this is 
equivalent to : 

dpi A dp 2 A ■ • ■ A dp k ^ on M. (1.2) 

If M is CR generic , we call M g-concave, < q < — - — , if for each z G M and 
every x G fft fc \ {0} the following hermitian form on Tf (M) 

^ J 9 p * (z)CaCg: where p x = x x p x H x k p k 

^ dz a dz p 

has at least g negative eigenvalues. 

If M is CR generic then we denote by r (M) the space of differential forms of type 
(p, r) on M which are of class C s . Here, two forms / and g in r {M) are considered 
to be equal if and only if for each form (p G C^_ p n _ k _ r (£l) of compact support, we 
have 



fA<p= g A if. 

M JM 

We denote by £^ r s) (M) the dual space to C^ p n _ k ^ r (M). 

We define the tangential Cauchy-Riemann operator on forms in C^\M) as follows. 
If u G Cq r (M), s > 1, then u can be extended to a smooth form -u G Cq r (tt) and we 
may set 

d h u := du\ M 

It follows from the condition for equality of forms on M that this definition does not 
depend on the choice of the extended form u. In general, for for forms u G C Q r _ 1 (M) 
and / G C { ~ r s) (M), by definition, 

dhu = f 

will mean that for each form ip G C^_ p n _ fc _ r (f2) of compact support we have 



f A(f= (-1)'' / uAdip. 

M JM 

1.3. The generalized Koppelman lemma. In this section we recall a formal 
identity ( the generalized Koppelman lemma) which is essential for the construction of 
our kernels. The exterior calculus we use here was developed by Harvey and Polking 

Let V be an open set of C" x C™. Suppose G : V —> C™ is a C 1 map. We write 

G((,z) = (g 1 ((,z),...,g n ((,z)) 
and we use the following notation 

n 

g(c,*).(c-*) = X>(c, 
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G((,z).d(( - z) =X>(C,z)d(C- - zj) 



3=1 



dc, z G(C, z).d(( -z)=^2 d i,z9j((, z)d(Cj - zj) 

3=1 



where d(^ tZ = + d z . 
We define the Cauchy-Fantappie form ui by 



,G 



G(£,z).d(C-z) 



G(t,z).({-z) 

on the set where G(C, ^)-(C — z ) 7^ 0. 
Given m such maps, G J , 1 < j < to, we define the kernel 

n(G\...,G m ) =lo g1 A... Aw r A ^ (d Cz tu Gl ) ai A...A(d c , z u Gm ) am 

Qi+...+a m =n— m 

on the set where all the denominators are nonzero. 
Lemme 1.1. (The generalized Koppelmann lemma) 

m 

d Cz n(G\ ...,G m ) = J2 (-^^(G 1 , G rn ) 

3 = 1 

on the set where the denominators are nonzero, the symbol G J means that the term 
G J is deleted. 

The following lemma is useful for the estimation of the kernel defined above. 
Lemme 1.2. For k > 

For a proof of these two lemmas we refer the reader to JTTJ or R| . 



Remark. When G = Q — z , we see from Lemma 1.2 that VL{G) is the classical 
Martinelli-Bochner Koppelman kernel in C n . 
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1.4. Barrier function. In this section, we shall construct a barrier function for a 
hypersurface at a point where the Levi form has some positive eigenvalues. 
For a detailed proof of what follows we refer the reader to sect. 3 in |L7j . 
Let H be an oriented real hypersurface of class C 2 in C n defined by 

H = {ze tl;p(z) = 0} 

where f2 is an open subset of C " and p is a real- valued function of class C 2 on f2 with 
dp(z) ^ for each z 6 H . 
Denote by F(-, £) the Levi polynomial of p at a point ( 6 ft, i.e. 



3=1 



d 2 P (0 



(Cj - Zj)(Ck - zk) 



(en,ze c n . 

Let z° G iJ and T be the largest vector subspace of C ™ such that the Levi form of 
,o at z° is positive definite on T. Set dimT = d and suppose d > 1. 

Denote by P the orthogonal projection from C n onto T, and set Q = I — P. Then it 
follows from Taylor's theorem that there exist a number R and two positives constants 
A and a such that the following holds: 



ReF(z, C) > p(C) - P(«) + a|C - z| 2 - A|Q(C - 2) 



for |z° - C| < R and |z° - z| < R. 
Since p is of class C 2 on fl , We can find C°° functions a ■? (&, j = 1, 



(1.3) 

, n) on a 



neighborhood ?7 of z u such that 

a*(C) 

for all C . And then we have 

n 

E (>(c) 

for all C 6 f7 and f 6 C. Set 



5 2 p(C) 



d(kd(j 



d 2 p(0 
d(kd(j 



< 



2n 2 



for (z,C) £C"x [/.Then it follows from (1.3) that 

ReF(C, z) > p(0 - P {z) + ||C - 2| 2 - A|Q(C - z)| 2 

for |z° - C| < R and |z° - z\ < R. 
Denote by Qkj the entries of the matrix Q i.e 



(1.4) 



= (Qkj) k -_ x (fc = column index). 
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We set for (z,Q G C n x U 

9j ((, z) = 2%gl - YT k=1 (0(Ck z k ) + ^ELi Qk 3 (Ck-z k ) 
G(C,z) = (gi(t,z),,...,,g n (C,z)) 
$(C,z) =G((,z).((-z). 

Since Q is an orthogonal projection, then we have 

<S>((,z) = F((,z)+A\Q((-z)\ 2 
hence it follows from (1.4) that 

Re<S>((,z)>p(()-p(z) + ^\(-z\ 2 (1-5) 

for 1-2° -CI <i?and \z° - z\ < R. 
G is called a Leray map and $ is called a barrier function of H(or p) at z°. 

Definition. A map f defined on some complex manifold X will be called k-holomorphic 
if, for each point £ G X, there exist holomorphic coordinates hi,. . . ,h k in a neighbor- 
hood of £ such that f is holomorphic with respect to hi,. . . ,h k . 

Lemma 1.3. For every fixed £ G U, the map G(C,,z) and the function $, defined 
above, are d-holomorphic in z G C™. 

Proof. Choose complex linear coordinates hi, . . . , h n on C ™ with 

{z G C" : Q{z) = 0} = {z G C n : h d+ i{z) = • • • - h n (z) = 0}. 

Then the map C" 9 z — > Q(C — 2) is independent of /ii, . . . , ft-d- This implies that 
G(C, •) is complex linear with respect to hi, . . . , hd, and $(£, .) is quadratic complex 
polynomial with respect to hi, . . . , hd- □ 

1.5. Some Algebraic Topology. Let N be a positive integer. Then we call p- 
simplex, 1 < p < N, every collection of p lineary independent vectors in TR N . 

We define S p as the set of all finite formal linear combinations, with integer coeffi- 
cients, of p-simplices. 

Let a = [ai , . . . , a p ] be a p-simplex, then we set 

djO = [ai, . . .,dj, ...,a p ] 

for 1 < j < p and 

&7 = £(-l)'V 

3 = 1 

(this definition holds also for any collection of p vectors) . If 1 < ji < p . . . 1 < j r < 
p — r, we define 
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where dja = dj<r. 
All of these operations can be extended by linearity to S p . 
If a is a p-simplex defined as above then we define the barycenter of a by 

1 P 

Now we define the first barycentric subdivision of a by the following 

'b(a),b(d n a),...,b(d^_\... n a)\ 

31 ip-1 

l<ji<p-i + l 

By linearity we can also define the first barycentric Subdivision of any element of Sj 
It is easy to see that 

Lemma 1.4. If a is an element of S p , then 

sd(do~) — dsd(a). 



sd(a) = (-l) p+1 



The barycentric subdivision of higher order of an element a of S p is defined as 
follows, we set for m > 2 

sd m (a) = sdisd™- 1 ^)). 
sd°(a) and sd 1 (a) are defined respectively as a and sd(a). 
The following lemma is basic in Algebraic Topology. 

Lemma 1.5. Given a simplex a, and given e > 0, there is an m such that each 
simplex of sd m o~ has diameter less than e. 

For a proof of this lemma, see for example |2f| . 

Let a = [i/i, . . . , v p ] and r = \pi, . . . , fj, r ]. We shall adopt the following notations 
[cr,r] = [a,m, . . . ,n r ] = [vi,...,i/ p ,r] = [vi, . . . , v p , m, . . . , /i r ]. 
Now let a be a p-simplex, p > 2, set 

p-2 



T(a) 



£=1 31, ...,3« 



and extend T by linearity to S'p. 
If r is an element of Si then we set 



T(r) = 
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PROPOSITION 1.6 If a is an element of S p , p>2, then 

dT(a) + T(da) = sd(a) - a. 

This proposition follows by a straightforward computation. 
2. Fundamental solutions for dy, 

In this section, we shall construct two fundamental solutions for the tangential Cauchy- 
Riemann Complex. The second solution will be derived from the first and will yield 
optimal Holder estimates for d^. 
Let us begin by some notations. 



2.0. Notations. Throughout this section M will denote a q-concave CR generic C 2 
submanifold of codimension k in C™. 

T is the set of all subsets / C {±1, . . . , ±fc} such that \i\ ^ |j for all i,j £ I with 

i + 3- 

For I £ X, \I\ denotes the number of elements in I . We set 

\i\ 

A v .. w = {(Ai, A|/|) £ with ^ = 1} 

3=1 

1 < t < k, is the set of all I £ 1 with |/| = L 
T(£), 1 < £ < k, is the set of all I £ 1(1) of the form I = . . .,j t } with \j„\ = v for 
v=l,...,l 

If I £ 2 and !/s{l,...,|J|}, then I v is the element with number v in I after ordering 
/ by modulus. We set 1(0) — I \ {I u } . 
If J el, then 

f 1 if the number of negative elements in / is even 
sgn 1 \= \ . . 

1 — 1 if the number of negative elements in / is odd 

2.1. First fundamental solution for 9b- In this section we shall construct our 
first fundamental solution for the tangential Cauchy-Riemann complex. 

Let z° £ M, U C C " be a neighborhood of z° and pi, . . . , pk ■ U —> 1R be functions of 
class C 2 such that : 

MP U = {pi = • • • = p k = 0} and dpi(z°) A • ■ • A dp k (z°) ^ 0. 

Since M is g-concave , it follows from lemma 3.1.1 in |IJ that we can find a constant 
C > such that the functions 



Pi ■= pj + c Ev=i Pi U = !,••■ ,k) 

P 3 :=-P-i+CY,Lifi (j = -l,...,-fe) 
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have the following property : for each I E X and every A G Ai„.|j| the Levi form of 
^iPh + • • • + \i\Pi U \ at z° has at least q + k positive eigenvalues. 
Let (ei, . . . , efc) be the canonical basis of IR fe , set e_j :— —ej for every 1 < j < k. 
Let I = {ji,.. .,j k ) be in T(k) , set 

k k 

Ai = Keji with Xi > 0, all i, and A^ = 1}, 
i=i i=i 

and for each a — J2i=i ^i e jn l et G a and <& a be respectively the Leray map and the 
barrier function at z° corresponding to p a = \\Pj 1 + • • • + XkPj k (see sect. 1.4). 
We call p a (rcsp. 4> a ) the defining function (resp. the barrier function) of M in the 
direction a. 

Let a — [a 1 , . . . , a p ], p > 1, be a collection of p vectors , where a 1 G Ujez'(fc) ^j, for 
every 1 < i < k. 
Then we define 

Cl[a] :=fl(G a i,...,G aP ) 

(cf sect 1.3) , and for every < s < n and every < r < n — p, we define f2 Sir .[a] as 
the piece of Ct[a] which is of type (s,r) in z. 

If we denote by S' p the set of all finite formal linear combinations of such collections, 
with integer coefficients, and we extend £1 by linearity to S' p ; then the generalized 
Koppelman lemma implies 

Lemma 2.1 For every t G S' p , we have 

a CiZ f2[r] = Cl[dr] 

outside the singularities. 

Let / = {]!,-■■ ,ji) be in T'(l), 1 < I < k and 07 = [ej 1 , . . . , ej,]. Then by continuity 
of the Levi form, by lemma 1.3 and lemma 1.5, we can find a positive integer m 
independant of / and I such that for every simplexe r = [a 1 , . . . , a 1 ] in sd m (ai), the 
Leray maps of G a i , . . . , G a i are q + /c-holomorphic in the same directions with respect 
to the variable zeC". Therefore we have the following lemma. 

Lemma 2.2 There is a positive integer m such that for every I G X'(Z), 1 < I < k, 
any s > and every r > n — k — q + I 

(l)& s , r (sd m (<J I ))=Q 

(ii)d z Cl S!r _ 1 (sd m (a I )) = 
on the set where all the denominators are non-zero. 

Proof. this follows by linearity from the fact that fi(G a i, . . . , G a i) = 0, for any 
[a 1 , . . . , a 1 ] in sd m (ai). The last statement is easy to prove , looking at the definition 
of il (see sect. 1.3), because G a i , . . . , G a i are q + fc-holomorphic in the same directions 
with respect to the variable z G C 11 
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By the same arguments, we have tt s , r (d(sd m (<Ji))) = {l s , r (sd m (dai) = 0, for all 
r>n — k — q+1, and from lemma 2.1, we have 

which implies the statement (ii). □ 

Now let D be a neighborhood of z° such that for every l<^</j,all0<i<m and 
every vertex a in sd l (ai) , the barrier function $ a satisfies an inequality such (1.5) , 
for C,zGD. Set 



and for I G T 



DJ 
Si 
S+ 



M := M n D, 

= { Ph < 0} n • • • n { PI]I] <0}nD, 
= { Ph > 0} n • • • n {p Iw >0}nD, 
= {pii = ■■■ = pi w =0}n£>, 

= £>* W forj = ±l,...,±fc, 

= 5 7(|7i) n£, *Um} if IeI and I 7 ' 



We oriente these manifolds as follows 



L> 7 andL>J as C" V/ £ I 

S^ j} as £>| j} for j = ±1, . . .,±k 

5/ as aS 1 / /el 

5"/ as 5 •pj ) for all I G X such that |7| > 2 

Mo as 5/ where J = {1, . . . , k}. 



Fix 1 < I < k and I eT(l). 



(2.1) 



Let B = (Ci — zi, . . . , Cn — 2n) an d define 

B [r] := n(B,G w i,...,G v p) 

for any r = [v 1 , . . . , v p ] in 5^, p > 1. Extend this operation, by linearity, to all 
elements of S' p . 

Now by applying lemma 1.1 we get 

8 c ,zCl B [<ri] = -fi[<7j] - n B [^j] (2.2) 

(where Q s [<9cr/] := 0(B) if |/| = 1) for z G 157 and C G D*, with < ^ z. 

Let |/| > 2 and T be defined as in sect. 1.5 and m an integer such that lemma 2.2 

holds. 

By applying lemma 1.4, lemma 2.1 , proposition 1.6 , we obtain 

rn — 1 m — 1 

d c , z fi[T(«f (ctj))] - - ^ niT^^o-/))] + 0[srf m (<rj)] (2.3) 



7=0 



i=0 



for z G Dj and ( G -DJ, with £ 7^ z. 
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Now define for |7| > 2 

i=0 

\I\ m-1 

B\C,z)=Y.^ l Y +lKm = ""sNK^l+E n[T( S d\daj))](C,z) (2.4) 

V=l 8 = 

and set for |/| = 1 

K I (C,z) = n B [a I ](C 1 z), 

and 

B 7 (C, z) = fi(B)(C, z) (the Martinelli-Bochner- Koppelman kernel). (2.5) 
Then we have the following 



LEMMA 2.3 (%) For z G .D/ and £ G w^/i C 7^ z , we ^ ave 

= B J - f2[seT (o-/)] 

fn) There exist a constant C > and a finite family {71, . . . ,71,} 0/ linearly inde- 
pendent families ji = [jj, . . . , 7]^] in A/ suc/i £/iat 

L 1 
||A" J (C,2)|| <CY —rf. 3 

sn/iii^K.^iic-*! 9 "- 8 !'!- 1 



Proof, (i) is a consequence of (2.1), (2.3) and (2.4). The estimate in (ii) is easy to 
see from the definition of f2, by using lemma 1.2 and inequality (1.5) (cf. the proof of 
Lemma 2.6). □ 

The following lemma shows that the kernel K 1 (resp. B 1 ) has locally integrable 
coefficients on Sj (resp. Sf) in both variables £ and z. 



Lemma 2.4 (i) Let / el and (7 1 , . . . ,7^') 6e a family of linearly independent 
vectors in IR' 7 ' and z G Dj then there exists C > and £0 > such that for all e < £0 
and for all j G {±1, . . . , ±k} \ /, |j| < |/| 

/ ITi ^ <Ce(l + \he\f (2.6) 

L+ -m — <Cs(l + \6ie\) W (2.7) 
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dX{0 <C.(l + |te|) |/hl (2-8) 



lc : a s ,t ni^iMc^iic 

(ii) All of the above estimates hold if we integrate with respect to z instead of £. 

Proof. Since M is CR generic and 7 1 , . . . ,7'^ are linearly independent, we can take 
7m$ 7 i(-,z), . . . , Jm$ 7 i/| (•, z) as coordinates on Si and S^ u ^y for |z — CI < £ with 
e > sufficiently small (cf. lemma 2.3 in Q). Thus taking into account the following 
inequality (cf. (1.5)) 

IMC,*)| >C(\Im<£ r (C,z)\ + \C~z\ 2 ) 

for (, z G Mo with |C — z| < e, we see that the left hand side term in (2.6) (resp.(2.7)) 
is bounded by 

/ -m — <Ce(l + \ine\f l . 

J*e*fc-w n m x (|JQ| + |xp)prp»-2|/i-i " 

(2.8) is proved likewise and the proof of (ii) is similar. □ 



Definition 2.5 (i) Let I el and j £ {±1, . . . , ±k} \ I, \j\ < \I\. It follows from 
lemma 2.3 and estimates (2.6) , (2.7), that the following operators are well defined and 
continuous : 

KL : C°(£j) — ► Cg,(0i) n C~(D/), 



where 



Klrf( z ) ■■= I C e Sl /(O A K{ r (C, z), z E DjJ e C°(Sj), 

J CG s+ u{3} /(O A ^.rCC, «), zeDjJe C»(5+ m ) 

(zi) £ei I & I, it follows from lemma 2.3 and estimate (2.8) iftai i/ie operator 
defined by : 

K r f(z) := f /(C) A B* (£ «), zeDjJe C%S+) 
■>CeS+ 

is continuous from C®(S~f) into C®(Di) n C^(Dj). 

Remark. If \I\ > 2 ef 1/ G {1, . . . , |/|} £/ien Sf^ u ^ = 5/ and therefore 

KW'fiz) = [ /(C) A K$\z, C) V z e D m and f e C°(S+) 
JCesf 

thus from the definition of B- r , we obtain 

BUM = ^(-lr^k^m. (2.9) 
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Lemma 2.6 Let I £ I, n — fc — <Z + 1 < r < n — k and f £ Cg r (-D) w?i/i compact 
support on D. Then the following equality holds in the sens of currents : 

dKl^J + i-l^K^df = (-iy[dBi ir _J + (-l)WB^df] (2.10) 

on Dj. 



Proof. The following identity is true from lemma 2.3(i) and Stokes' theorem : if 
n — k — q + 1 < s < n — k, g 6 Cq s+1 (D) with compact support on D and if z 6 Dj 
then : 

*<U(*) =/ Sf+ 93AA^ s (,z) + (-ir+ 1 B ^(z) + (-l)m 

dJ s !gAKl s _ 1 (-,z) + (-iyj st gAQ 0iS (sd m a I )(-,z). ' 

Since the forms ifo,r-i/, Ko >r -i9f, i?o,r-i/ and B$^ r df are continuous on D/, it is 
sufficient to prove (2.10) on Dj where these forms are smooth. 

By setting s = r and g = df in (2.11) and using lemma 2.2 (i), we obtain 

i?o^/(z) = (-ir +1 B / ir a/(z) + (-l)l / la / dfhKl^z) (2.12) 

Js+ 

for all z G I?/. 

If we set now s = r — 1 and <? = / in (2.11), then we get 



Kr-J(z) = / 9/A/^, r „ 1 (-,z) + (-l)''i?^_ 1 /(z) 
Js+ 

+ (-l) W dJ fAKl r _ 2 (;z) + (-l) r - 1 I /AO,,, 
and then by lemma 2.2 (ii) 

dKif(z) = d I Of A K<(; z) + (-lydB'Jiz) (2.1:-!! 



for all 2 € Dj. 

The lemma now follows from (2.12) and (2.13) . □ 



Now define 

K(C,z):= (s9nI)K T ((,z) (2.14) 

iex'(fc) 

for £, z £ Mo with £ ^ z, and denote by X Sjr the piece of if which is of type (s, r) in 
the variable 0. 

From lemma 2.4, we see that the kernel K has locally integrable coefficients in both 
variables £ and z. 

Now by applying (2.10) k times , taking into account (2.9) and using the classical 
Martinelli-Bochner-Koppelman formula (see || or || for technical details) we obtain 
the following integral representation 
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Theorem 2.7. Let £1 CC Mo of piecewise C 1 boundary and f a (0,r) C 1 form on f2 
with n — k — q+l<r<n — k , then 

(_l)K*+D /(j8 ) = f /(C)AJf 0j r(C,*)- / 5b/(C)AJifo,r(C,*) 

+ (-l) fe+1 a b / /(C)A^ ,r-l(C,«). 

By a duality argument we obtain 

COROLLARY 2.8 Let Q, CC Ma of piecewise C 1 boundary and f a C 1 (0,r)-/orm on 
f2 loif/i < r < q — 1, then we have 

(-i) r(fe+1) /(C) = f /(*)Ajr n ,„_ fc _i_ r (c,«)- / Sb/(*)AJr„,„-k_i_ f .(C,*)+ 

+ (_ 1 )(*+i)g b /" /( z ) AX n ,„_ fc _ r (C,z)., 

We say that X is a fundamental solution for 9b on Mo. 

2.2. Second fundamental solution for 9b- In this section, we shall construct our 
second fundamental solution for the tangential Cauchy-Riemann complex on Mo. This 
fundamental solution will be derived from the first one , by using an idea of Hcnkin 
(cf- 0). 

Let m be as in Lemma 2.2 and v* G Ujez'(fc) sucn that 

, , f For any fc- simplex r in sd m (o~j), each collection of fc elements in 

(*) 4 r * i • 7-i 

Mi/ , rj is a fc-simplex. 

Remark. The choice of such v* is very important for our optimal estimates. 
We adopt the following notation 

for any element J^i c i°i m S'p- 
Set 

rn— 1 

B(C,«)= E + E rV,7W(*/))]) (2-15) 

zei'(fc) i=o 

and 

fl(C,*) = E (s.9™WW'>/)]. (2-16) 

/Gl'(fc) 
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d Cz E((,z)=K((,z)~R((;,z) 



(2.17) 



for (,z£M with ( / z. 

Now we claim that R is a fundamental solution for dh on Mo, this means that Theorem 
2.7 holds also for the kernel R. To prove it, following Hcnkin JlJ], all we have to do is 
to show that the singularity of E is mild enough so that the identity (2.17) holds on 
all Mo x Mq in the sens of distributions. For once this is done, our claim follows by 
applying d^ lZ to both sides of (2.17) and then using Theorem 2.7. 
The proof of the first part of Theorem 0.1 will be then complete by setting 

Definition 2.9 



Now to realize our program, we follow the proof of Theorem 1, chap. 21 in |7]]. 
First we need the following lemma 

Lemma 2.10. Given W CC Mq 7 there is a positive constant C such that for each 
e > and z G W , we have 



{if) All of the above inequalities hold if we integrate with respect to z instead of 



Let us assume the lemma for the moment and show that equation (2.17) holds on all 
M x M . 

For e > 0, choose a smooth function \e on Mq x Mq with the following properties 






and for any first-order derivative T> 1 



\V{Xe}\ < ~ 



(2.18) 
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where C is a positive constant that is independent of e. 

Since Xe vanishes near the diagonal of M x M , we have from (2.17) 

d C AXeE} = (B CzX e) AE + Xt {K - R) (2.19) 

on Mo x Mq. From Lemma 2.10, we have 

XeK - K, XeR - i2, Xe^ - £ and 9 c , z {xe^} -» d c , z £ 
in the sens of currents, as e — > 

From part (hi) in lemma 2.10 and estimate (2.18), we see that 

(d c , zX e) AE^O 

as e — > 0, in the sens of currents. So we obtain the desired result by letting e — > in 
the equation (2.19). 

Proof of lemma 2.10. Looking at the definitions of the kernels K, E and R (cf. 
(2.14),. ..,(2. 16)) and taking into account Lemma 1.2, we see that we have to estimate 
the following typical term 

(2.20) 



ntl (*a« (C, Z)Y> (<& a o (C, Z))>* ($ a , + i (C, Z))^ \(-z\ 2s 

where a 1 , . . . ,a k are linearly independent, a? — x % a% ■> flfe+1 = J2i=i Vi a% ■> 

Ti > 1, all 1 < i < k; s, r , r fe+1 > and 



fc+i 

s + n = n. 

»=o 



For the kernel if, we have r^+i = and 
either r = 0, s > 1 and the function A/" involves coefficients of the differential form 

(G al .d(( - z)) A ■ ■ ■ A (G Qfc .d(C - zj) A (j(^z).d(C - zj) 

or s = , r > 1 and the function A/" contains the coefficients of the term 

(G i .d(C - z)) A • • • A (G Qfc .d(C - z)) A (G a o .d(( - z)) 

Since 

k 

G a0 (C,z) = J2^G^+O(\C-z\) 
»=i 

we obtain in both cases 

\m^)\<C\C-z\ (2.21) 
Since M is CR generic and a 1 ,. . . ,a are linearly independent, 
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/m$ Q i (., z), . . . , Im$ a k (., z) can be taken as local coordinates on Mq (cf.Lemma 2.3 
in f§). Then in view of inequality (1.5), 



dX 



k — l 



J c€«o \\K((,z)\\ d\(() <CL K2 .- 1 - rT 

< Ce(l + \gne\) k . 3 

Now for the kernel E, we have rk+i > 1 and 
either s = 0, ro > 1 and the function TV involves the coefficients of the term 

(G i .d(C - z)) A • • • A (g q , .d(( - z)) A (G Q o .d(( - z)) A (G Qfc+1 .d(C - 2)) 

or s > 1, ro = and the the function TV contains the coefficients of the differential 
form 

(G i .d(C - «)) A • • • A (G a , .d(C - 2)) A ((C^-d(C - «)) A (G a , +1 .d(C - *)) 
By the same arguments as above, we obtain in this case 

|AA(C,z)| <G|C-z| 2 

and 

J ceMo ||S(C,z)|| dA(C) < =— , ^ 

< Ge 2 (l + \bie\) k . 

For the kernel R, we have s — 0, ro = 0, r^+i > 1 and every collection of k elements 
in {a 1 . . . a k+1 } is a family of linearly independent vectors (see condition (*) and the 
remark just below ). 

First it is easy to see , just as above, that inequality (2.21) holds also in this case. 
On other hand the following inequality is easy to prove: if < ai, . . . , otu < ajt+i, 
then 

n^>rK + ^ (2 - 22) 

i=l i=l 

If we use (2.22) with = |$ a »|, 1 < i < fc + 1 ( up to a permutation of {1, . . . , k + 1}), 
then by using local coordinates as above and inequality (1.5), we obtain 

f (eMo \\R((,z)\\d\(0 <Cf X€M2n - h — 

K-«l<« \x\<. y\ =1 (l^l + ixi 2 ) fc |x| 2 "- 2fc - 3 

< Ge. 

Thus the proof of (i), (ii), (iii) in Lemma 2.10 is complete, (if) follows in the same 
way. □ 



3. End of proof of Theorem 0.1 

In this section we shall prove C e+ i —estimates. We first prove Ci— estimates and then 
we derive C e+ ^— estimates by using a kind of integration by parts argument (see |l^] 
andg). 
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3.1. Estimates. Suppose M of class C 2 . Recall from the previous section that 
the coefficients of the kernel R((, z) have the form 

JV(C,*) 



where a 1 ,..., a k+1 are vectors in IR fe such that every subset of k elements in {a 1 , . . . , a k+1 } 
is a family of linearly independent vectors (condition (*)), the estimate (2.21) holds 
for Af and 



fc+i 

Ti > 1, all 1 < i < k + 1; rj = n 

i=0 

We have 

/ II^Cz 1 )-^,^ 2 )!! d\(Q < J 1 (z\z 2 ) + J 2 (z\z 2 ) 
J(eM 

Ji(z\z 2 ):= J ceMQ ^ (||i2(C,* 1 )|| + \\R{C,z 2 )\\) d\(Q 



where 



and 



■h(z\z 2 ):= J (eMo ^ WRiCz^-RiCz^WdXiC) 



C _ Z 1|>| 2 1_ Z 2| 2 

It follows from lemma 2.10 (ii) that 

Ji(z\z 2 ) < C\z x -z 2 |i 

Since A/"(C, z) is smooth in z, it is not difficult to see by the same arguments as in the 
proof of Lemma 2.10 that 



J 2 {z\z 2 ) ^C^-z 2 ] J 



dX 



flxxl + \x\^ uU + l^l 2 ) "l^l 2 "- 2fe - 3 



Thus 

/ H^C^-^C^H^O^CI^-^li (2.23) 
Analogously we can show that 

/ \\R{?,z)-R{<?,z)\\d\{z)<C\?-<?\*. (2.24) 

J zeM Q 

under the hypothesis that M is of class C 3 . This is because R(C, z) involves second- 
order derivatives in ( of the defining functions of M. 
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3.2. C e+ i -Estimates. We assume that M is of class C e+2 (£>l). 
Let a 1 , . . . ,a k be linearly independent vectors in Ujex'(fc) an d flfc+1 = Yli=i Vi® 1 
with yi ^ 0, all 1 < i < k (this means that every collection of k vectors in {a 1 , . . . , a k+1 } 
is a family of linearly independent vectors). 

Denote by pi (resp. <j)i) the defininig function (resp. the barrier function) of M in the 
direction a 1 for 1 < i < k + 1 . 

&(j > 0)will denote a smooth differential form on M x M vanishing of order j for 
( = z. It is clear that 



<j>k+i = ^}2yi4>i + £ 2 



(2.25) 



We need the following lemma. 

Lemma 3.1 There exist Y±, . . . , y£ , tangential vector fields to M such that for every 
( G Mo and every 1 < i, j < k, 

where 5ij is Kronecker's symbol. 

Proof. Since M is CR generic and a 1 , . . . , a k are linearly independent, we have 

dpi A • • • A dpk ^ on M . 

Then the matrix 

/< dh{Q,dh(Q > ••• <dp k ((),dp 1 (() > \ 



A = 



<dp k (0,dp k (0> J 



is invertible for all ( G M ( here < ., . > denotes the Hermitian inner product), and 
there exist v\, . . . , v k G {1, . . . , n} such that the matrix 



/ JHo ••• #MC) \ 



B 



9p k 
9C„ 



■(C) 



is also invertible for all C G -Mo- 
Set 

- k 



^ = MEMOES 



9^ 9 



where 



,-(0] =A-! and [/?y(0] 



Now it is easy to check that 
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Pj = for all 1 < i,j < k. 



□ 



Let us introduce the following class of kernels for S > 0, 



nr=i(&+<*) ri 



where 




and 



r, > 1 for all 1 < i < fc + 1 



Remark 3.2. Notice that the kernel R is a finite sum of kernels of type Co, and 
estimate (2.23) with estimate (2.24) hold, independently of 5, for kernels C$. 

If we denote by X z a tangential vector field to M in z-variable and X*= the corre- 
sponding operator in ^-coordinates , then we have the following 

Lemma 3.3 Let S > 0, then we have 



Proof. It is not difficult to see that the following facts are true: 

(i) (X z +X c )£ j is of type £ j . 

(ii) (X z +X C )4> 1 is of type £ x . 

(Hi) \Y^(j)i(C, z)\>C for £ — z\ < e,e > 0, and 1 < i < k (see Lemma 3.1) 

(iv) If i 7^ j then Y i ^<pj is of type E 1 (cf. Lemma 3.1) . 

(v) Y^<pk+i — yiY^(f>i is of type E 1 for 1 < i < k (see (2.25), (iv), Lemma 3.1) 



(vi) (x z + x c )<t> k+1 - vA xz + x< )& is of type £2 ( see ( 2 - 25 ) and (i) )• 



Now let f2 CC M and / G L°°(Q) n C/(fl). Let z\ e ft and \ a smooth compactly 
supported function on fi such that 




where Ss is a finite sum of kernels of type C$ ■ 



k 




□ 
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where e is chosen so that (see Lemma 3.1) 

\Y^MC, z)\ >C for |C - z\ < e and all 1 < i < k. 

Set K := {z e n/\z- Zl \ < f}. 
We write 

[ f(C)AR(C,z)= f x(C)/(C)Ai?(C,z)+ / (i-x(C))/(C)Ai2(C,«). 

Jo Jo JO 

Let Ji(/) denote the first integral in the right-hand side and Ji{f) the second one. 
Since R((, z) is of class C°° in z for ( ^ z then J2(/) is of class C°° on if. 
By Remark 3.2 to estimate Ji{,f), it is enough to do so for J Q xf A £o(-, z). 

We have 

/ */ A £)(•,*) = lim / */ A £«(•,*)• 
By Lemma 3.3, we obtain from Stokes' theorem 

X* [ X fACs(;z) = ± [ X<( X f)AC 5 (;z) 

Jo Jo 

± £ / ^(x/)A (X '+f ) ^ £ J (-,z)+ / x/Aft(-,4 
fcl Jsi 9i Jn 

where Sa is a finite sum of kernels of type £5. 
Now , if we apply r < i derivatives , we can write 

X{---X' T [ x/AA(-,z) 
Jo 

as a sum of terms 

with < j < r. 
Since 

\\J^...xj(xf)AC 5 (;z)U 2 <c\\f\y 

for < j < £, independently of S (see Remark 3.2), we conclude that 

/ xfACo(-,z) is of class C e+ i on 0. 
Jo 

Thus Ji(/) is of class C £+ i on 0, and therefore 

/ /(C) A R(C, z) is of class C e+ ? on K. 
Jo 
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By noticing that YfQj = —Yf&j+E 1 for 1 < i, j < k one can show in the same way 

/ f(z) A R((, z) is of class C e+ ^ on K 

provided M is of class C e+3 (see (2.24)). This completes the proof of the second part 
of Theorem 0.1 (cf. Definition 2.9). □ 
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